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Recent results on the interaction energy of a quantum oscillator in a radiation field are critically 
reviewed and compared with the directly calculated thermal expectation values. The proper thermo­
dynamic definition of the interaction energy is given.

The model Hamiltonian describes a linear charged 
oscillator in the blackbody radiation field (in the min­
imal coupling Hamiltonian the A2-term is neglected; 
dipol-approximation; see formula (1) in [1], which 
corresponds to the one dimensional version of for­
mula (1) in [2]; see also [3]):
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In (1) the generalized canonical variables P and Q 
are related with the original variables p and x of 
the oscillator by the canonical transformation 
p = — (m Wo)1 2 Q, x = (m col)"1,2 P; pk and qk denote 
the canonical variables of the field.

The averages <)h are taken on the assumption that 
the Hamiltonian (1) is in thermal equilibrium (i.e. the
density matrix q is given by q ~ e ). E.g., the
internal energy of the oscillator is defined by the differ­
ence

1

(2)

where HB= + ar>d where <>Hb denotes
 ̂ k

the thermal average with respect to the undisturbed 
field t e B ^ " " 1̂ 157)-

By functional integration techniques (Feynman 
Vernon theory; an effective action leads to the parti­
tion function; the field oscillators are averaged out) 
Castrigiano [2] calculated the internal energy U of the 
oscillator and the moments <P2>h and <Q2)h . In

Reprint requests to Dr. W. Eckhardt, Abteilung Mathema­
tische Physik der Universität Ulm, Oberer Eselsberg, 7900 
Ulm.

order to get finite values for Ü, <<22>h and <P2>h, in 
[2] a twofold renormalization had to be performed. 
The main point in [2] was the calculation of the finite 
and temperature independent difference (we refer to 
the one dimensional version):
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where e denotes the small coupling parameter:
e2 w0

e =

(3)

(4)

(5)hem c2jh
It was claimed that (3) represents the interaction ener­
gy of the oscillator with the radiation field, and that (3) 
takes the value (4).

In our opinion, and in contrast with (3) the thermo­
dynamic interaction energy should alternatively be 
defined by the expression
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Equation (6) represents the difference of the internal 
energies of a system (oscillator and field) in a heatbath 
after and before there is a coupling between the two 
subsystems.

In this letter I calculate the different contributions 
to (6) seperately and give the corresponding high- and 
low-temperature expansions. My calculations indi­
cate that the result (4) is due to an inconsistency in [2],

In order to make the Hamiltonian (1) integrable one 
can introduce a Debye-like (Xk -*■ 0 (y — cok)) or 
Drude-like (X X>'(>'2 + wk)~it2) regularisation in

0932-0784 / 88 / 0400-326 $ 01.30/0. - Please order a reprint rather than making your own copy.

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



W. Eckhardt • The Interaction Energy of a Quantum Oscillator in the Blackbody Radiation Field 315

the interaction Hamiltonian. The limit y —► oo ('Mar- 
kovian limit') requires a renormalization of the fre­
quency and (1) has to be replaced by

H = H + 1-co0syQ2. (7)

The added term causes the just mentioned renormali­
zation of a divergent frequency. This frequency 
Q2 — coq — 2 co0 e y/3 is the centre of the corresponding 
susceptibility /(co) = [— co2 + Q2 — ico(2co0£)]~1 by 
which the relevant contributions can be expressed [4], 
This centre is shifted to col by the renormalization 
procedure (7) [5]. Accordingly, the results in [2] have 
to be compared with the results which are based on (7) 
and in the above formulas (especially (2), (3) and (6)) 
H has to be replaced by H. The Hamiltonian (7) corre­
sponds to Ullersma's model [4], which can exactly be 
diagonalized. The exact solutions for P(t), Q(t), pk(t) 
are linearily related with the normal modes of (7). My 
considerations are based on the knowledge of these 
solutions [4, 6].

The transition to a continuum of field oscillators 
demands the introduction of the density of states:

X k 3n c I <»to3 j —k dtofc.

For the averaged interaction Hamiltonian we find 
the exact result (in (2.26) in [6] co I has to be replaced 
by coq — jco0ey because we have to refer to (7) and 
not to (1)):
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The expression (8) is negative and illustrates the at­
tractive character of the interaction in Ullersma's

1 cd2
model. The finite solutions for ̂  <P2}H anc* -y  <\Q2}h

are given by (10) and (11) in [1], respectively. This 
formulas exactly correspond to (11) and (13) in [2]. 

A rather involved calculation yields the difference
[7]:
<Hb>„ -  <Hb) Hb = -  <tfint>H -  co0ey/3 <Q2)„

+ 0(B/y). (9)

In (9) the transition to the continuous spectrum is to 
be made after the difference of the discrete version was

formed. To begin with, the difference (9) is written as 
a contour integral in the complex plane. Secondly, the 
proper transition from the discrete poles to a out on 
the real axis can be made (see the similar consider­
ations in [4]).

As an important result we find that the thermody­
namic quantites are well defined in the limit y -» oo 
(the terms which are proportional to y cancel) and can 
be written in terms of the moments <P2}H and <Q2}H:

U = <H)h - 
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<H*>hb = \< P 2>H+ y < Ö 2>H

< 0  + \ (10)

(co2 + col) Im [ — co2 + coq — ico (2 e co0/3]

A = U - 1 ffln
2<P2>H+ y < 0 2>„ = 0. (ii)

In contrast to the thermal part of (10) (the T = 0 con­
tributions are subtracted; <...)th = < . . . ) -  < ...)r = 0), 
<Hint>£ does not exist in the limit y oo. In the 
high-and-low-temperature approximation we find the 
results (we only consider the leading terms; see also 
the results in [3] which coincide with my results):

Ul kB T P ha>o h COr exp
ft coc 
k^T

-1

1 . 2nk-— £hco0 In
3 n

Ul kg t  < hcqq ft COr

n

tl coc
k ü r

exp

(kBT)2 
tico0

ft COr

-1

(12)

(13)

With respect to the Ullersma model one can define 
the 'kinetic' and 'potential' energies, ^<P2) H and 
\co20 <Q2}h , respectively (the term which was added to 
H is not included in the so defined potential energy). 
We see that U is exactly the sum of 'kinetic' and 'po­
tential' energy as it was assumed in [1], In contrast to 
the result (4), A vanishes. The temperature indepen­
dent part of \ ( P 2}h (and of (7) is divergent. A proper 
renormalization could be interpreted as a finite shift of 
the zero point of energy. E.g., we find

lim \< P 2>1'°
hco0e y
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I assume that the finite result for A in [2] is due to 
an inconsistent renormalization procedure with re­
spect to U on the one hand and <P2) H/2 on the other 
hand (of course, in [2, 3] also a twofold renormaliza­
tion had to be performed, which essentially corre­
sponds to (7) and (14)).

It should be noted that the omission of the ^ 2-term 
destroys the original gauge invariance of the minimal 
coupling Hamiltonian. This shortcoming had to be 
repaired by the regularization (7) [7], With respect to 
the original minimal coupling Hamiltonian (including 
the 4 2-term) we must distinguish between canonical 
and kinetic momentum. Therefore, the kinetic energy

1 K  egiven by the expression ^  ( I p — - A

-  ~ c ^ ) ) '  anC* exPress'on 2m ^ ^

is

= a>o/2 <£?2>th can in principle not be interpreted as 
the kinetic energy of the electron.

The thermal part of the interaction energy (6) leads 
in the high- and low-temperature regime to the second 
term in (12) and (13), respectively.

At last I emphasize that due to the neglection 
of the A2-term the model (7), which was considered in 
[1-3], cannot reveal the well known ^-depen­
dent energy shift in the high temperature regime 
(kBT$> h£Oq) [8]- The inclusion of the /42-term in (1) 
would cause the additional term ri = ^nehco0 
(kBT/hoj0)2 in Uth. Consequently, the low-temper­
ature T 2-shifts in (13) cancel out whereas in the high- 
temperature regime q represents the most important 
correction to the free oscillator result.
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